Abstract. Suppose that C is a nonempty bounded closed and a convex subset of a Hilbert space H and T: C -> C is A:-lipschitzian or uniformly A;-lipschitzian mapping which has the property that, for some n > 1, T n is the identity. The author determines a function ko(n) > 1 such that for k < fco(n) mapping T has a fixed points in C.
Introduction
Let C be a nonempty closed convex subset of a Banach space E. A mapping T: C -> C is called k-lipschitzian if for all x,y in C, \\Tx -Ty\\ < -y||. It is called nonexpansive if the same condition with k -1 holds. A mapping T : C -> C is called uniformly k-lipschitzian if for all x,y G C and i G N, \\T l x -T l y\\ ^ -y\\. A mapping T is said to be the involution of order n if T n = I (for n = 2, T is just called the involution). The first fixed point theorems for involutions are due to K. Goebel and E. Zlotkiewicz [1, 2] . They investigated conditions under which fc-lipschitzian involutions have a fixed point. K. Goebel [1] showed in 1970 that involutions have a fixed point if they are A;-lipschitzian for k < 2 in a Banach space and for k < y/5 & 2.2361 in Hilbert space.
In 2000 M. Koter-Morgowska [8] showed that in special settings of a Hilbert space there exist fixed points of some involutions of order n = 3,4,5 and 6 only. [4, 5] are better that those one presented in papers [6, 7, 8, 9] , In the paper [8] M. Koter-Morgowska considered rotative A;-lipschitzian and uniformly fc-lipschitzian mappings in a Hilbert space. We show that using the same idea and similar techniques we can get better results for fc-lipschitzian and uniformly fc-lipschitzian involution of order n > 2 in a Hilbert space. We obtain better estimations of k for n = 3,4,5,6 and moreover we have k > 1 for any n > 2 (not only for n = 3,4,5,6).
Lipschitzian mappings
We will start with the three lemmas.
LEMMA 1 ([3]). Let C be a nonempty closed subset of a Banach space E and T : C -> C be k-lipschitzian. Let i,Bel and 0 < A < 1 and 0 < B. If for arbitrary x £ C there exist u G C such that \\u-Tu\\ < A • \\x-Tx\\ and

||®-u|| ^ B-||x-Tx||
then T has a fixed point in C.
LEMMA 2 ([8])
. Let ai,a2,... ,a n e H, ai,a 2 ,... ,a n e (0,1),
be a convex subset of a Hilbert space H and letT: C -> C be a k-lipschitzian involution of order n (n > 1). For x € C put z = -(Tx + T 2 x + ---+ T n x). n Then
Remarks on fixed points 
which gives the desired inequality.
• We can now formulate the main theorem of our paper.
THEOREM 1. Let C be a nonempty closed convex subset of a Hilbert space H and T : C -> C be a k-lipschitzian mapping such that T n = I (n > 2). If k < ko(n), where
( / n-2 /l e n-i-1 \ 2 k 0 (n) = | S > 1: ( S 2 -1) [s 2^ + £ ( ) n~2 ^ _ g2(n-i-1) / j 2N i=l
then T has a fixed point in C.
Proof. Let x € C be an arbitrary point. Put 2 = Tx + • • • + T n x) for n > 2 and observe that Lemma 3 implies that
Now, using the triangle inequality and the fact that T is a fc-lipschitzian involution of order n, we can evaluate the sum in (2) in following manner: Finally we get
Moreover we have (4) ||z-x||
and k < ko(n) by inequalities (3) and (4) 
Then T has a fixed point in C.
Remark 1. It follows from Corollary 1 that fc 0 (3) ^ ^10 « 1.4678. Observe that using numerical methods performed by a computer we can obtain from Theorem 1 evaluations of ko(n) for some n > 2. Thus we have that fco(4) ^ 1.2905; fc 0 (5) ^ 1.1831, k 0 (6) ^ 1.1251. All this estimates are better than obtained in [8] in settings of Hilbert space. Moreover estimations of ko(n) for n = 3,4,5 are better than one obtained in [4, 5] in settings of a Banach space. REMARK 2. We can show that evaluation ko(n) is greater than 1 for every n > 2. Beginning with observation that in Theorem 1 we have the given polynomial equation of 2(n -1) degree. Subtract n 2 from the both sides of the equation and consider a polynomial function i=1 x ' ' which is continuous and increasing for k > 1 and n > 2. Now observe that lim a(k) = -n 2 .
It follows that the above function for every n > 2 must have a root for some Jfc > 1.
